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ABSTRACT
In this study, an alternative mathematical representation of
a drill-string is proposed to provide an alternative assessment on
BHA dynamic alterations. Lateral vibrations remain the focal
point of drill-string breakdowns given their high frequency
characterization and ability to deviate perforation trajectories
from the subsurface target. In this paper, the proposed model
consists of an anisotropic rotor subjected to distinct RPMs, an
axial force, and a bidirectional harmonic excitation with
specified amplitude and assorted duration to simulate annulus
motion generated from the mud fluid. In this regard, EulerBernoulli beam theory was adopted to establish a complete
MDOF mathematical expression and thus model an exclusive
section of the BHA. Parameter identification implied
incorporating a finite elements methodology, where the
flexibility of the drill-string and elastic characteristics of the
well-bore were accounted for. Particularly, a two-node element
containing two displacements and two rotations per node was
adopted to describe the rotor as a uniform, elastic beam. Thus,
it is concluded from the proposed mathematical model that the
harmonic excitation imposed along the annulus is introducing
subharmonic frequencies and a potential (unmodeled)
nonlinearity into the system.
Keywords: Finite elements, anisotropic supports,
centrifugal-induced bowing patterns.
NOMENCLATURE
𝐴𝑒 :
Rotor’s cross-sectional area
𝐿𝑒 :
Element length
𝜌:
Density of the material
𝐼𝑒 :
Second moment of area about the neutral plane of the
cross-section
𝜂:
Angle of shearing effects
Ω:
Rotational speed of the rotor
𝒜𝑒 :
Force acting on the element
𝑢𝑒 (𝜑, 𝑡): Lateral displacement of the neutral plane

𝐺𝑒 :
𝜅𝑒 :

Shear modulus
Shear constant

1. INTRODUCTION
In drilling operations, a drill-string assembly is composed of
drill-pipe and drill-collar segments of uniform thickness and
length. Drill-collars have larger diameter ranges and strength
properties than drill-pipes and are positioned at the lower section
of the drill-string to provide the necessary weight-on-bit (WOB)
requirements [3],[11]. The drill-string is operated in tensionmode to eliminate buckling and fatigue irregularities which may
generate aggressive vibration patterns at the bottom-holeassembly (BHA). Depending on the type of formation, various
types of fluids (e.g., known as mud) are utilized as lubricants,
which are discharged (e.g., longways throughout the hollow drill
and through the drill bit) within the drill-string to effectively
eradicate rock debris towards the rig-surface and maintain stable
operations [5],[12]. An insufficient volume discharge of
lubricant may generate various setbacks such as rock debris
congestion along the annulus, drill-string immobilization, and
casing overheating [5]. Besides drill-pipes and drill-collars, the
drill-string assembly contains a critical component at the lower
tip known as drill-bit, which is necessary to perforate through the
formation. Generally, three types of drill-bits are widely used in
industry, polycrystalline diamond compact (PDC) bits, roller
cone bits, and fixed cutter bits [5],[9].
Lateral vibrations remain a critical source of drill-string
breakdowns given their high frequency content and ability to
deviate drilling trajectories from the subsurface target [1],[5].
Such lateral progressions generate a centrifugal-induce bowing
behavior known as a whirling phenomenon, which has the ability
to induce premature wear on drilling equipment and severe borehole damage [2],[8],[9]. There are two types of whirling patterns
that materialize as the structural and hydrodynamic damping
forces between the stabilizers and well-bore are exceeded,
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forward and backward whirling. Forward whirling evolves as the
drill-collars synchronically orbit about the well-bore extremities,
while backward whirling develops from a contradictive
rotational motion between drill-collars and drill-string assembly
[8],[9],[10], which propels the manifestation of additional
oscillatory disturbances such as axial and torsional vibrations
[6],[7],[11],[12].
Various mathematical models have been proposed with the
intention of characterizing whirling patterns, most of which
identify geometrical variations and bit-rock interference as the
primary cause of dynamic variations and centrifugal-induce
behavior [5],[13],[19]. According to Warren et al., whirling
tendencies not only emerge through a BHA imbalance, but
through a cutting structure imbalance from [bit] geometrical
variations [23],[28],[29],[30]. Lageveld and Hanson et al. further
observed that the drill-bit is unable to fully penetrate formations
with high strength characteristics, which consequently stimulates
the drill-string to experience a misalignment from its center of
rotation [23]. Nicholas et al., reported a significant amplitude
and phase angle alteration from the bowed rotor rather than the
mass imbalance pattern, while Kovalyshen modeled rotational
misalignment dependent on bit geometry and boundary
conditions, and Vlajic et al. employed a non-autonomous Jeffcott
rotor subjected to continuous stator contact, discontinuous
friction, and cubic nonlinearities to study whirling patterns
[23],[25].
Although such mathematical models consider mass
imbalance, bit-rock interference, and bowed patterns as critical
components when predicting whirling effects, the motion of the
drilling mud traveling along the annulus is a phenomenological
pattern which is not considered. As such, a mathematical
expression consisting of an anisotropic, bowed rotor subject to
various rotational speeds, an axial force, and mud excitation is
proposed in this paper. The objective is to provide an alternative
dynamic assessment and further understand whirling tendencies
generated at critical drilling speeds. In this regard, a pulse
excitation is enforced on the two rotor ends to mimic mud
mobility. A greater magnitude is nonetheless applied orthogonal
to the rotor due to its aggressive tendency during drilling [13].
2. MATHEMATICAL FORMULATION
In this study, Euler-Bernoulli beam theory was implemented
to model a specific section of the drill-string assembly under a
pulse excitation imposed on the two supports of the rotor (Figure
1) [31]. In particular, a finite element model containing a local
coordinate vector of [𝑢1 , 𝑚1 , 𝜃1 , 𝜓1 , 𝑢2 , 𝑚2 , 𝜃2 , 𝜓2 ]T was proposed
to identify the physical parameters of the system, e.g., mass,
stiffness, and gyroscopic effects. A two-node element containing
two displacements 𝑢𝑗 , 𝑚𝑗 (e.g., x and y axes, respectively) and
two rotations 𝜃𝑗 , 𝜓𝑗 (e.g., about the x and y axes, respectively) per
node was adopted to describe the rotor as a uniform, elastic beam
(shape functions).
The drill-string section is composed of a total of 8 nodeelements, which results in a 36 degrees-of-freedom rotor
mechanism, and contains two anisotropic supports (e.g., varying

in stiffness and damping) which account for the elastic
characteristics of the mud traveling along the annulus.

Figure 1. Proposed drill-string section with anisotropic supports

Establishing element matrices for the equation of motion
required considering both shear and rotary inertia effects
generated during drilling. Shear effects were included when
computing the strain energy, whereas rotary inertia, shear, and
gyroscopic effects were accounted when quantifying the kinetic
energy [14]. Approximating the kinetic energy of the rotor
required considering the lateral displacement 𝑢𝑒 (𝜑, 𝑡) of the
neutral plane. Such lateral displacement effectuates with the
assumption that the cross-section remains orthogonal and planar
to the centerline. Thus, the kinetic energy of the beam element
was formulated as
1 𝐿𝑒
𝜕𝑢̇ 𝑒 2
𝑇𝑒 = ∫ 𝜌𝐴𝑒 𝑢̇ 𝑒2 + 𝜌𝐼𝑒 (𝜂̇ 𝑒 +
) 𝑑𝜑
2 0
𝜕𝜑

(1)

where 𝐿𝑒 represents the element length, 𝐴𝑒 the rotor’s crosssectional area, 𝜌 the density of the material, 𝐼𝑒 the second
moment of area about the neutral plane of the cross-section, and
𝜂 the angle of the shearing effects displayed through the
difference between the cross-section plane and its orthogonal
plane. Such energy was expressed in matrix form as
𝑢̇ 1 T
𝑢̇ 1
𝑚̇1
𝑚̇1
𝜃̇1
𝜃̇1
1 𝜓̇1
𝜓̇1
𝑇𝑒 =
[𝐌𝑖𝑗 ]
𝑢̇ 2
2 𝑢̇ 2
𝑚̇2
𝑚̇2
𝜃̇2
𝜃̇2
{ 𝜓̇2 }
{ 𝜓̇2 }

(2)

where the mass components were defined as
𝐿𝑒

𝐌𝑖𝑗 = 𝜌𝐼𝑒 ∫ (
0

𝐿2e ′′′
𝐿2e Γ ′′′
′ (𝜑))
𝑅𝑒𝑖 (𝜑) + 𝑅𝑒𝑖
(
𝑅 (𝜑)
12
12 𝑒𝑗

(3)

𝐿𝑒

′ (𝜑))
+ 𝑅𝑒𝑗
𝑑𝜑 + 𝜌𝐴𝑒 ∫ 𝑅𝑒𝑖 (𝜑)𝑅𝑒𝑗 (𝜑)𝑑𝜑
0

After integrating each component with its respective shape
functions 𝑅𝑒𝑖,𝑗 and derivatives, a symmetric mass matrix 𝐌𝑒
containing shear 𝑀1 and rotary effects 𝑀2 was generated as
(4)

𝐌𝑒 = 𝑀1 + 𝑀2

such that
𝑚1
0
0
𝜌𝐿𝑒 𝐴𝑒
𝑚2
𝑀1 =
840(1 + Γ)2 𝑚3
0
0
[ 𝑚4

2

0
𝑚1
−𝑚2
0
0
𝑚3
−𝑚4
0

0
−𝑚2
𝑚5
0
0
𝑚4
𝑚6
0

𝑚2
0
0
𝑚5
−𝑚4
0
0
𝑚6

𝑚3
0
0
−𝑚4
𝑚1
0
0
−𝑚2

0
𝑚3
𝑚4
0
0
𝑚1
𝑚2
0

0
−𝑚4
𝑚6
0
0
𝑚2
𝑚5
0

𝑚4
0
0
𝑚6
𝑚2
0
0
𝑚5 ]

(5)
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and
𝑚7
0
0
𝜌𝐼𝑒
𝑚8
𝑀2 =
2
−𝑚
(1
30𝐿𝑒 + Γ)
7
0
0
[ 𝑚8

0
𝑚7
−𝑚8
0
0
−𝑚7
−𝑚8
0

0
−𝑚8
𝑚9
0
0
𝑚8
𝑚10
0

𝑚8
0
0
𝑚9
−𝑚8
0
0
𝑚10

−𝑚7
0
0
−𝑚8
𝑚7
0
0
−𝑚8

0
−𝑚7
𝑚8
0
0
𝑚7
𝑚8
0

0
𝑚8
𝑚10
0
0
𝑚8
𝑚9
0

𝑚8
0
0
𝑚10
−𝑚8
0
0
𝑚9 ]

𝜕
𝜕𝜓𝑒 (𝜑, 𝑡)
(𝐸 𝐼
) = 𝜅𝑒 𝜂𝑒 (𝜑, 𝑡)𝐺𝑒 𝐴𝑒
𝜕𝜑 𝑒 𝑒
𝜕𝜑

(6)

where 𝐺𝑒 represents the shear modulus, and 𝜅𝑒 characterizes the
shear constant which depends on the cross-section. As a result,
applying lateral and rotational nodal conditions stimulated the
following node element expression:
1 𝐿𝑒
𝑈𝑒 = ∫ 𝜅𝑒2 𝜂𝑒2 (𝜑, 𝑡)𝐺𝑒 𝐴𝑒 (𝜑)𝑑𝜑
2 0
2
1 𝐿𝑒
𝜕𝜓𝑒 (𝜑, 𝑡)
+ ∫ 𝐸𝑒 𝐼𝑒 (𝜑) (
) 𝑑𝜑
2 0
𝜕𝜑

𝑒
where Γ = 𝜅 12𝐸𝐼
𝐿 𝐺 𝐴

𝑒 𝑒 𝑒 𝑒

𝑚1 = 312 + 588Γ + 280Γ 2;
𝑚2 = 𝐿𝑒 (44 + 77Γ + 35Γ 2 );
𝑚3 = 108 +
252Γ + 140Γ 2; 𝑚4 = −𝐿𝑒 (26 + 63Γ + 35Γ 2 ); 𝑚5 = 𝐿2𝑒 (8 + 14Γ + 7Γ 2 )
𝑚6 = −𝐿2𝑒 (6 + 14Γ + 7Γ 2 ); 𝑚7 = 36 𝑚8 = 𝐿𝑒 (3 − 15Γ) 𝑚9 = 𝐿2𝑒 (4 + 5Γ +
10Γ 2 ) 𝑚10 = 𝐿2𝑒 (−1 − 5Γ + 5Γ 2 )

Gyroscopic couples, generated perpendicular to the axis of
rotation were further considered in this model to provide a
thorough dynamic assessment. By considering the polar moment
of inertia of a thin rotor element 𝑑𝜑 as 𝐼𝑝 = 2𝐼𝑒 𝜌𝑒 𝑑𝜑 allowed for
the increment in kinetic energy to be determined as

where Ω represents the rotational speed of the rotor. Integrating
over the rotor length generated a couple between two planes as
𝐿𝑒

𝑇𝑔𝑦𝑟 = −2𝜌Ω𝐼𝑒 ∫ 𝜓(𝜑, 𝑡)𝜗𝑒 (𝜑, 𝑡)𝑑𝜑

𝑢1 T
𝑢1
𝑚1
𝑚1
𝜃1
𝜃1
1 𝜓1
𝜓1
𝑈𝑒 =
[𝐊 𝑖𝑗 ] 𝑢
2
2 𝑢2
𝑚2
𝑚2
𝜃2
𝜃2
{ 𝜓2 }
{ 𝜓2 }

𝐊 𝑖𝑗 =

Therefore, by substituting the respective shape functions 𝑋(𝜑)
into Equation (8) generated the expression

𝑇𝑔𝑦𝑟𝑒

(9)

which was written in gyroscopic [matrix] form due to the
Lagrange’s equations and included the matrix elements as
𝐿𝑒

𝐆𝑖𝑗 = 𝜌𝐼𝑒 ∫ (
0

′ (𝜑))
+ 𝑅𝑒𝑗
𝑑𝜑

𝐸𝑒 𝐿2𝑒 𝐼𝑒 Γ 𝐿𝑒 ′′′
′′′ (𝜑)𝑑𝜑
∫ 𝑅𝑒𝑖 (𝜑)𝑅𝑒𝑗
12
0

(10)

𝐿𝑒

0

During drilling procedures, nevertheless, crew members
maintain strict WOB requirements at the BHA to ensure viable
penetration rates and avoid unnecessary [downhole]
complications [1],[13]. Given that compressive forces cause
deformation along the corresponding axis, it was imperative to
account for such behavior within the [stiffness] matrix. For this
study, the force 𝒜𝑒 acting on the element was assumed to be
constant, prompting the following strain energy expression
2

𝒜𝑒 𝐿𝑒 𝜕𝑢𝑒 (𝜑, 𝑡)
∫ (
) 𝑑𝜑
2 0
𝜕𝜑

(16)

However, given that the expression is a scalar strain energy, the
stiffness matrix alteration was simply added to Equation (16),
which resulted in

− 2𝜌𝐼𝑒 ∫ (𝑋2𝑖 (𝜑)𝑋1𝑗 (𝜑)

𝐿𝑒

(17)

′ (𝜑)𝑅 ′ (𝜑)𝑑𝜑
K 𝒜𝑖𝑗 = 𝒜𝑒 ∫ 𝑅𝑒𝑖
𝑒𝑗

0

0

− 𝑋2𝑗 (𝜑)𝑋1𝑖 (𝜑)) 𝑑𝜑

Therefore, a skew-symmetric matrix
generated after integrating Equation (10).

(15)

𝐿𝑒

′′
′′
(𝜑)𝑅𝑒𝑗
(𝜑)𝑑𝜑
+ 𝐸𝑒 𝐼𝑒 ∫ 𝑅𝑒𝑖

𝑈𝒜𝑒 =

𝐿2e Γ ′′′
𝐿2e Γ ′′′
′ (𝜑))
𝑅𝑒𝑖 (𝜑) + 𝑅𝑒𝑖
(
𝑅 (𝜑)
12
12 𝑒𝑗

(14)

where the stiffness [matrix] elements yielded

(8)

0

𝑢̇ 1 T
𝑢̇ 1
𝑚̇1
𝑚̇1
𝜃̇1
𝜃̇1
1 𝜓̇1
𝜓̇1
=
[𝐆𝑖𝑗 ]
𝑢̇ 2
2 𝑢̇ 2
𝑚̇2
𝑚̇2
𝜃̇2
𝜃̇2
{ 𝜓̇2 }
{ 𝜓̇2 }

(13)

In this case, the element length of the drill-string was assumed to
have an invariant shear, which allowed the strain energy to be
calculated as

(7)

𝑑𝑇 = −2Ω𝐼𝑒 𝜌𝑒 𝜓̇𝑒 (𝜑, 𝑡)𝜃𝑒 (𝜑, 𝑡)𝑑𝜑

(12)

was consequently

In this regard, implementing the respective shape functions
and integrating Equation (17), prompted the additional stiffness
term as

Similarly, the strain energy was accounted through a cubic
relationship between the shear angle and lateral displacement as
𝑢𝑒 (𝜑, 𝑡) = 𝑐0 (𝑡) + 𝑐1 (𝑡)𝜑 + 𝑐2 (𝑡)𝜑2 + 𝑐3 (𝑡)𝜑3

K𝐴𝑒

𝑘1
0
0
𝒜𝑒
𝑘2
=
60𝐿𝑒 (1 + Γ)2 −𝑘1
0
0
[ 𝑘2

(11)

where the constants 𝑐𝑗 represent function of nodal displacements
[14]. By ignoring inertial terms, the relationship was delineated
as

3

0
𝑘1
−𝑘2
0
0
−𝑘1
−𝑘2
0

0
−𝑘2
𝑘3
0
0
𝑘2
𝑘4
0

𝑘2
0
0
𝑘3
−𝑘2
0
0
𝑘4

−𝑘1
0
0
−𝑘2
𝑘1
0
0
−𝑘2

0
−𝑘1
𝑘2
0
0
𝑘1
𝑘1
0

0
𝑘2
𝑘4
0
0
𝑘1
𝑘1
0

𝑘2
0
0
𝑘4
−𝑘2
0
0
𝑘3 ]

(18)
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where 𝑘1 = 72 + 120Γ + 60Γ 2, 𝑘2 = 6𝐿𝑒 , 𝑘3 = 𝐿2𝑒 (8 + 10Γ + 5Γ 2), 𝑘4 =
−𝐿2𝑒 (2 + 10Γ + 5Γ 2 ).

Therefore, a complete dynamic multi-degree-of-freedom
mathematical representation of the rotor was generated by
elucidating its flexibility and elastic characteristics. As such, the
governing equation of motion (EOM) of the drill-string model
was established as
𝐌𝐱̈ (𝑡) + (Ω𝐆 + 𝐂)𝐱̇ (𝑡) + 𝐊𝐱(𝑡)
= 𝐊 𝑏 𝐱𝑔 (𝑡) + 𝐂𝑏 𝐱̇ 𝑔 (𝑡)

(19)

where M, C, G, and K represent the mass, damping, gyroscopic,
and stiffness 𝑛𝑥𝑛 coupled matrices, 𝐱 T = [𝑥 𝑦 𝜃 𝜓], Ω the
rotational speed, 𝐱̈ (𝑡), 𝐱̇ (𝑡), 𝐱(𝑡) the acceleration, velocity, and
displacement vectors as a function of time, respectively. The
pulse excitation of the mud displacement was represented as 𝐱𝑔 ,
while 𝐊 𝑏 , 𝐂𝑏 delineated the stiffness and damping matrices,
respectively.
Further, for each corresponding eigenvalue 𝜔𝑁2 , a natural
mode was generated such that a span of N-dimensional vectors
was constructed. A coordinate transformation 𝐟 was further
introduced to establish the EOM in principal coordinates as

greater diameter range with the intention of maintaining WOB
specifications, while the bearing stiffness and damping
parameters of the rotor were selected arbitrarily, but within
industrial purviews.
Table 1. Steel properties of rotor
Steel
Modulus of elasticity
Density
Shear modulus

Table 2. Pipe dimensions
Total length
Inner diameter
Outer diameter
Total length
Inner diameter
Outer diameter

(20)
𝑘𝑥1
𝑘𝑦1
𝑘𝑥9
𝑘𝑦9

𝒊=𝟏

which yielded
𝚽 T 𝐌𝚽𝐟̈(𝑡) + 𝚽 T 𝐂𝚽𝐟̇(𝑡) + 𝚽 T 𝐊𝚽𝐟(𝑡)
= 𝚽 T 𝐂𝑏 𝐟𝑓̇ (𝑡) + 𝚽 T 𝐊 𝑏 𝐟𝑓 (𝑡)

(21)

where modal mass matrix, modal damping matrix, modal
stiffness matrix, and modal force vectors were defined
respectively. In this study, displacements or rotations at a single
node were considered. Since the eigenvalues 𝜔𝑁2 and
eigenvectors 𝐯𝑁 are complex, if 𝜔𝑁2 = −𝑗𝜔𝑁 , then the whirling
direction was dependent on the associated eigenvector for a
given relative phase difference such that
𝑟𝑢 cos (𝜔𝑛 𝑡)
𝑢(𝑡)
{
}={
}
𝑟𝑚 cos(𝜏𝑚 − 𝜏𝑢 + 𝜔𝑛 𝑡)
𝑚(𝑡)

(22)

where the time origin was shifted 𝑡 → (𝑡 − 𝜏𝑢 /𝜔𝑁 ), and 𝜏𝑚 − 𝜏𝑢
was the response of 𝑥 and 𝑦. In this case, forward whirling
materialized when the condition −𝜋 < 𝜏𝑚 − 𝜏𝑢 < 0 was satisfied,
while backward whirling was introduced when the 0 < 𝜏𝑚 −
𝜏𝑢 < 𝜋 condition was met. There was an additional possibility
where 𝜏𝑚 = 𝜏𝑢 or 𝜏𝑚 = 𝜏𝑢 + 𝜋 conditions may be generated. As
such, the orbital direction was determined through the parameter
2 ⁄ 2
𝑝 = ±√𝜔𝑁+1
𝜔𝑁 , which produced forward and backward
elliptical orbits with positive and negative 𝑝 values, respectively,
and circular orbits with ±1 values.
3. RESULTS AND DISCUSSION
The elastic characteristics, dimensions, and flexible-support
parameters of the equation of motion implemented in this study
are illustrated in Table 1, Table 2, and Table 3, respectively. Such
parameters were selected based on API standards and rock
behavior. It is observed that the drill-collar segment contains a

Drill-pipe
2m
0.105 m
0.130 m
Drill-collar
2m
0.105 m
0.203 m

Table 3. Bearing parameters for anisotropic rotor

𝒏

𝐟(𝑡) = 𝚽𝐟(𝑡) = ∑ 𝐯𝑖 𝐟𝑖 (𝑡)

2.07 × 1011 Pa
7.830 × 103 kg ∙ m−3
81 × 109 Pa

𝑐𝑥1
𝑐𝑦1
𝑐𝑥9
𝑐𝑦9

Stiffness
1.3 × 104 N ∙ m−1
1.5 × 104 N ∙ m−1
1.3 × 104 N ∙ m−1
1.5 × 104 N ∙ m−1
Damping
20; 60 Ns ∙ m−1
20; 60 Ns ∙ m−1
20; 60 Ns ∙ m−1
20; 60 Ns ∙ m−1

In terms of the axial load acting on the drill-string, a constant
value of 103 N was enforced. In addition, a fourth-order RungeKutta method was incorporated to determine the response of the
system throughout a various rotational speeds. Analyzing the
dynamic effects of the rotor when subject to mud traveling along
the annulus was performed by imposing a constant rotary speed
of 70 RPM, a mechanical shock interval of 1 sec, and a harmonic
excitation (e.g., 𝐴 sin(πt/T)). However, since drilling occurs in
different strength formations, the time-response of the rotor was
characterized under two different [damping] parameters (Table
3). The time series response was computed using 65 samples
with a time step of 0.00006s, which gave a duration of 3.932 s.
Further, unbalance forces were imposed at nodes 3 and 7 to
account for the drill-string offset from WOB loading
requirements (Table 4). An iterative procedure of the solution
with unbalance forces was necessary to extract the maximum
response from each speed.
Initial conditions in modal coordinates were established as
𝐪(0) = 𝚽𝐩(0)

4

(23)
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(24)

𝐪̇ (0) = 𝚽𝐩̇ (0)

The disturbance of the mud traveling along the annulus was
imposed at the boundary of the supports using the following
equations:
𝑢(0, 𝑡) = 𝐴 sin Ω𝑡

(25)

𝑢(0, 𝑡) = 0

(26)

Torsional response, on the contrary, remained relatively
constant throughout the drill-string despite a lack of periodicity,
particularly, in the θ-direction. Peak amplitudes along the θdirection manifested within a 4.768 × 10−3 m tolerance,
whereas a 1.706 × 10−3 m deflection propagated from the ψdirection with a period of approximately 1.0 sec. Therefore, it
was concluded that such minimal deflection patterns will not
influence and cause dynamic alterations to the system.

Table 4. Excitation amplitude. Half-sine pulse with 25 ms
duration applied at supports.
Support-direction
Left-x
Left-y
Right-x
Right-y

Magnitude
1 × 10−5 m
3 × 10−5 m
1 × 10−5 m
2 × 10−5 m

There were four critical speeds that were generated as the
unbalanced frequency and the damped natural frequency met,
67, 72, 167, and 179 RPM.
In this study, the rotational speed of the rotor was established
as 70 RPM. For each damping scenario, results in Figure 5 and
Figure 6 revealed maximum time-response patterns propagating
along the y-direction at the drill-bit segment (Node 9) with an
overshoot phenomenon induced at approximately 1.0 sec due to
annulus oscillation. In both, the manifestation of lateral
vibrations, as a greater effect, was verified. At the right rotorend, a 3.65 × 10−2 m maximum displacement was exhibited
within the initial time span, but in this case, a gradual time decay
was observed for each damping scenario. Therefore, there is a
possibility that parameters such as axial-loading, pulse
magnitude, and diametric differences might influence the
progression of vibration phenomena.

Figure 6. Response due to annulus motion for Node 9 under 60 Ns ∙
m−1

Figure 7. Power spectrum of Node 9 under 60 Ns ∙ m−1

Figure 5. Response due to annulus motion for Node 9 under 20 Ns ∙
m−1

Accordingly, a transfer function at 70 RPM for each
damping case was approximated to extract additional patterns
evolving from the mud along the annulus. In this particular case,
the power spectrum was generated at distinct shock (pulse)
intervals as illustrated in Figure 7.
The power spectrum revealed that the progression of
subharmonic frequencies and nonlinearities materialize within
an expanded frequency band of approximately 0.0-5.0 Hz. The
development of these patterns associate directly from the period
of oscillation, or to what industrially is referred as shock. For
instance, the power spectrum elucidates that shorter pulse
periods produce larger magnitudes, as validated from the time-
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domain, but eliminate the development of closely-spaced
frequencies. On the other hand, longer shock intervals
progressively stimulate closely-spaced frequencies.

accounting for (unmodeled) nonlinearities in the equation of
motion in the literature. In this case, similar results emerged from
proposing the incorporation of a [bidirectional] harmonic
excitation along the drill-string supports, e.g., x and y directions
simultaneously. Lastly, the development of centrifugal-induced
bowing patterns was conducted at various shock intervals. It was
shown that whirling patterns transitioned for each selected
frequency and shock interval.
4.1 Work in Progress
For this research, a small-scale testing rig has been designed and
tested to validate simulation results with experimental data. A
motion detection system to collect vibration data from the smallscale rig was successfully designed and tested in capstone design
this 2021-2022 academic year. Currently, experimental testing is
in-progress.

Figure 8. Whirl orbits, Node 1 (red) and Node 9 (blue), 60 Ns ∙ m−1 , T
= 1 sec

Additionally, since the mud traveling along the annulus
altered the dynamic response of the system at various oscillation
periods, a comprehensive assessment on the development of
whirling patterns was performed at four particular frequencies,
e.g., 1.159, 2.685, 2.868, and 4.273 Hz (Figure 8). These
frequencies were selected arbitrarily based on the natural
frequencies. the development of whiling patterns were analyzed
at shock intervals ranging from T = 0.5 sec to T = 1.0 sec. Results
indicate that regardless of the shock interval of the mud, a
distinct whirling tendency materializes for each frequency. In
Figure 8, results reveal that the amplitude varies for each
frequency during the manifestation of backward whirling
phenomenon, e.g., orbits developing in a clockwise direction.
4. CONCLUSION
A mathematical representation of a drill-string was
proposed in this study to provide an alternative assessment on
BHA dynamic alterations. Euler-Bernoulli beam theory was
adopted to establish a complete MDOF mathematical expression
and thus model an exclusive section of the BHA. Parameter
identification implied incorporating a finite elements
methodology, where the flexibility of the drill-string and elastic
characteristics of the well-bore are accounted for. It is concluded
that the excitation imposed along the annulus introduces BHA
dynamic alterations. The solution displayed a maximum [lateral]
response propagating along the y-direction of each node with an
overshoot pattern generated at 0.5 sec, whereas the
corresponding power spectrum at 70 RPM captured dominant
frequencies evolving within a 0.0-5.0 Hz range. This leads to a
possible development of subharmonic frequencies and
nonlinearities. Such phenomenological alterations and similar
frequency spectrums were exhibited in dynamic models
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